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Abstract 
Industrial components subjected to random vibration fatigue (loading with a power spectral density, PSD, or a 
sinusoidal spectrum) are frequently designed by the use of numerical simulations to estimate the lifetime and ensure 
the mechanical system behavior. 
Finite element simulations need the use of a significant amount of input parameters to solve the problem (material 
properties such as Young's modulus, density, stiffness of joints between components, model element choice...). 
Some of these parameters are identified from tests with unavoidable uncertainty and others are subjected to inherent 
variability. It is important to know the influence of this variability/uncertainty on model responses. Innovative 
methods have been developed to determine the sensitivity of model responses to uncertain parameters in order to 
study the robustness of the design. 
Then, the identification of the most influential parameters, associated with the study of their variations, allow to 
determine result dispersions for the modal analysis (eigen frequencies, mode shapes), the calculation of random 
vibration (RMS constraints) and damage calculation. 
This methodology provides an estimation of the probability of system failure instead of a binary result obtained by a 
deterministic design method.  
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of CETIM, Direction de l'Agence de Programme. 
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1. Introduction 
In some fields like nuclear industry, civil engineering or aircraft industry, where a failure could imply a major 
safety problem, systems are designed following safety factors and rules described in standards. These safety factors 
aim at taking into account the variability of some parameters like material properties, geometry or loads and 
approximation of the model. Some probabilistic approaches [2] have been developed as an alternative but, mainly 
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due to a lack of knowledge on the variability of some parameters and accumulated experiences from the design of 
previous systems, such innovative methods are not yet so commonly used.
Nevertheless, probabilistic approaches are now more and more used, especially in automotive industry. Many
industrial applications have been performed successfully in fatigue under static loading but not under dynamic
loading. One of the difficulties is the replacement of the physical model by a surrogate model. The physical model is
often a finite element model which can take a long time to run it. Therefore, a surrogate model has to be used to
replace the initial finite element model. Due to the complexity and the non-linear behavior of the physical modeling
for a vibration fatigue analysis, one of the major difficulties to apply a probabilistic approach is to estimate an
accurate surrogate model. The other steps are the definition of the uncertainties on parameters and the assessment of 
the failure probability.
This paper will focus on the reliability assessment of an aircraft component under random fatigue vibration. The
physical model is presented in the first part. The selection and definition of the random variables is described in the
second part. Then, a design of experiment is performed and a vectorial surrogate model is fitted. The last part 
focuses on the reliability assessment.
2. Physical model
A system composed of some components of an aircraft air management system is considered in this study. A
finite element model of this system is built. Bolted connections between systems are modeled by elements with a
stiffness value for each degree of freedom (3 translations and 3 rotations). An example is given in Figure 1.
Eigen frequencies and the corresponding mode shapes can be computed by the finite element analysis in order to
understand the dynamic behavior of the system. Then, the evolution of stress levels in the system versus the
frequency are computed under a dynamic loading in each direction.
Figure 1. Example of a bolted connection in the finite element model
3. Definition of random parameters
The first step is to identify the parameters which, due to their variability, have the main influence on the fatigue
behavior. Parameters with their variability interval are assumed by system designers. 15 parameters are selected and
their variability are presented in Table 1Table 1. These parameters are related to material properties, geometry and
stiffness.
3.1. Deterministic sensitivity analysis
The number of random variable is linked with the complexity of the surrogate model and the number of needed
data. If the variability of one parameter doesn’t have an influence on the response value, it is better to keep this 
parameter as a deterministic value. A deterministic sensitivity analysis is performed to rank the influence of each
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parameter variability on the response in order to reduce the number of random variable. The three first eigen 
frequencies are computed for the lowest, nominal and highest value of each parameter. The influences on the results 
are compared and the variability of 4 parameters have an influence on the eigen frequency. These parameters are the 
stiffness of bolted connection (rotation, X axis), the Young modulus of material n°1, the Young modulus of material 
n°2 and the density of material n°2. The other parameters are now defined by their nominal values. Some examples 
of this sensitivity analysis are presented in Figure 2. 
Table 1. List of selected variable parameters 
Parameter Variability interval Units 
Stiffness of bolted connection, translation in X direction (Stx) ሾ͵Ǥ ͳͲ଼ െ ͵Ǥ ͳͲଵଶሿ N.mm 
Stiffness of bolted connection, translation in Y direction (Sty) ሾ͵Ǥ ͳͲ଼ െ ͵Ǥ ͳͲଵଶሿ N.mm 
Stiffness of bolted connection, translation in Z direction (Stz) ሾͳͲଵ଴ െ ͳͲଵସሿ N.mm 
Stiffness of bolted connection, rotation in X direction (Srx) ሾͷͲ െ ͷͲͲͲͲͲሿ N.mm/rad 
Stiffness of bolted connection, rotation in Y direction (Sry) ሾͷͲ െ ͷͲͲͲͲͲሿ N.mm/rad 
Stiffness of bolted connection, rotation in Z direction (Srz) ሾͳͲସ െ ͳͲ଼ሿ N.mm/rad 
Radius n°1 (R1) ሾʹǡͶʹ െ ͵ሿ mm 
Radius n°2 (R2) ሾ͵ െ ͵ǡͺͶሿ mm 
Radius n°3 (R3) ሾͳǡͷ͸ െ ʹǡʹʹሿ mm 
Radius n°4 (R4) ሾʹǡʹͶ െ ͵ǡͳͺሿ mm 
Young modulus of material n°1 (E1) ሾͳͻͷ െ ʹͳͷሿ GPa 
Young modulus of material n°2 (E2) ሾ͸ͺǡͶ െ ͹ͷǡ͸ሿ GPa 
Young modulus of material n°3 (E3) ሾͳͻͲ െ ʹͳͲሿ GPa 
Density of material n°1 (ρ1) ሾͺ͵ͳͲ െ ͻͳͺͲሿ ݇݃Ȁ݉ଷ 
Density of material n°2 (ρ2) ሾ͵ʹͺͲ െ ͵͸ʹͲሿ ݇݃Ȁ݉ଷ 
 
3.2. Random variables 
A statistical distribution must be defined for each random parameter. The stiffness of bolted connection (rotation, 
X axis) is modeled by a uniform distribution with a minimum value equal to ͳͲହ and a maximum value equal to 
ʹǤͳͲହ. The Young modulus of material n°1 is modeled by a normal distribution with a mean value equal to 205 GPa 
and a standard deviation equal to 6. The Young modulus of material n°2 is modeled by a normal distribution with a 
mean value equal to 72 GPa and a standard deviation equal to 2. The density of material n°2 is modeled by a normal 
distribution with a mean value equal to 3450 Kg/m3 and a standard deviation equal to 100. The loading is an 
acceleration for which the amplitude changes with the frequency as it is described on the Figure 3. Amplitude 
between 100 and 1000 Hertz is modeled by a lognormal distribution with a mean value equal to 20 g and a standard 
deviation equal to 3. The stochastic variables are summarized in the Table 2. The next step is to perform a design of 
experiments in order to fit a surrogate model. 
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Figure 2. Illustration of the variability influence parameters on the eigen frequency values 
 
Figure 3. Acceleration vs. frequency 
Table 2. Stochastic variables for the model uncertainty 
Variable Description (units) Distribution Mean Standard deviation 
Srx Stiffness of bolted connection, rotation 
in X direction (N.mm/rad) 
Uniform ͳǡͷǤ ͳͲହ ʹǡͻǤ ͳͲସ 
E1 Young modulus of material n°1 (GPa) Normal ʹͲͷ ͸ 
E2 Young modulus of material n°2 (GPa) Normal ͹ʹ ʹ 
ρ2 Density of material n°2 (݇݃Ȁ݉ଷ) Normal ͵ͶͷͲ ͳͲͲ 
a Acceleration amplitude (g) Lognormal ʹͲ ͵ 
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4. Surrogate model 
The probabilistic approach cannot be applied directly with the finite element model: it is too time consuming. A 
mathematical function which can estimate quickly the results for a sample of parameters is needed. A surrogate 
model can be used to predict the eigen values or the evolution of the stress with the frequency. The first one is 
interesting if the goal of the study is to avoid obtaining an eigen frequency value of the system in the frequency 
interval of the loading. In this study, the aim is to assess the reliability of the system. A failure occurs if the stress is 
higher than the strength limit or if a repeated stress is higher than the fatigue limit, therefore the surrogate model 
must predict the stress in the system. 
4.1. Design of experiments 
A sample of data is needed to train the surrogate model and the first step is naturally to generate a sample of 
parameter. The Latin Hypercube Sampling is used for this stage [4]. This is a sampling method enabling to well 
cover the domain of variations of the input variables, thanks to a stratified sampling strategy. This method is 
applicable in the case of independent input variables. The sampling procedure is based on dividing the range of each 
variable into several intervals of equal probability. For each vector of parameters, the three first eigen frequencies 
and the evolution of stress level in the system versus the frequency between 1 and 2000 Hz are computed using the 
finite element model. 600 computations are performed. The distribution of the three first eigen frequencies are 
presented in Figure 4.  
Figure 4. Distributions of eigen frequencies 
 
The evolution of the stress level (maximum principal stress) for the most critical element of the system is 
presented in Figure 5. 
 
Figure 5. Evolution of the maximum principal stress for the most critical element 
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4.2. Vectorial Gaussian process 
The kriging is one of the well-known tools to surrogate a finite element mode [3]. It allows to predict a single 
value for a sample of parameter. In our case, a vectorial output must be predicted and not only a single value. 
Instead of constructing a surrogate model for each node of a mesh grid in frequency, it is more efficient to exploit 
the correlation that exists between the values of the vectorial output. Such correlation is obviously strong in this 
case. A method is developed to fit a vectorial kriging using this correlation. This method exploits the correlation by 
using a probabilistic principal component analysis. This approach greatly reduces the computation time. 
When the surrogate model is fitted, its quality should be estimated. We compute the error defined by: 
݁ݎݎ݋ݎ ൌ ห௬೛ೝ೐೏೔೎೟ି௬೟ೝೠ೐ห௬೟ೝೠ೐  (1) 
With: 
- ݕ௣௥௘ௗ௜௖௧  is the value obtain by the surrogate model using the leave-one-out cross validation method. 
- ݕ௧௥௨௘ is the real value out of the sample for the leave-one-out cross validation. 
 
The value Q², which represents the quality of the surrogate model is computed using the leave-one-out method 
and defined by: 
 
ܳଶ ൌ ͳ െ σ ቀ௬೛ೝ೐೏೔೎೟೔೚೙೔ି௬ೡೝೌ೔೔ቁ
మ೙೔సభ
σ ቀ௬೛ೝ೐೏೔೎೟೔೚೙೔ି௬തೡೝೌ೔೔ቁ
మ೙೔సభ
 (2) 
 
The quality is good when the value is close to 1. The evolution of the maximum principal stress is fitted by the 
vectorial Gaussian process and the evolution of Q² is presented in Figure 6. The obtained quality is quite good and 
the smallest values are located to the eigenvalues. 
 
Figure 6. Q² vs. frequency 
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5. Reliability analysis 
5.1. Reliability assessment 
In this study, we consider that the number of cycles applied to the structure is higher than ͳͲ଼. Therefore, the 
failure occurs when the maximum principal stress is higher than the fatigue limit. The fatigue limit is modeled by a 
normal distribution with a mean value equal to 110 MPa and a standard deviation equal to 10. The other random 
variables are presented in section 3.2. The limit state function G is defined by: 
ܩ൫ܺ൯ ൌ ߪௗ൫ܺ൯ െ ܵ൫ܺ൯ (3) 
     Where ߪௗ is the fatigue limit, S is the maximum principal stress (computed by the surrogate model) and ܺ is the 
vector of random variables. The failure occurs when G is smaller or equal to 0. The probability of failure is thus 
defined as follows: 
௙ܲ ൌ ܲݎ݋ܾൣܩሺܺሻ ൑ Ͳ൧ (4) 
     The probability of failure may be assessed by Monte Carlo simulation. However, when small probabilities of 
failure sought, this method is very costly in terms of mechanical model evaluation number. Approximation methods 
such as FORM / SORM (First / Second Order Reliability Method) have been developed to compute efficiently (with 
an approximation in some cases) the probability of failure [1]. These approximation methods compute an 
approximation of the real limit state. They provide a parameter β which represents the smallest distance between the 
origin of the space obtained by an iso-probabilistic transformation and the limit state. A geometric interpretation of 
approximate reliability analysis is presented in Figure 7. 
 
 
Figure 7. Geometric interpretation of approximate reliability analysis 
     The probability of failure is given by the parameter β using the cumulative distribution function of the normal 
distribution, Φ, as follows: 
 
௙ܲ ൌ Ȱሺെߚሻ (5) 
 
     In our case, the probability of failure is computed using FORM and we obtain ͳǡͶͷǤ ͳͲିସ . A Monte Carlo 
simulation is used in this case to confirm the previous result. A probability of failure equal to ͳǡͻ͵Ǥ ͳͲିସ is obtained. 
Therefore, the estimation given by FORM is correct.  
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5.2. Sensitivity analysis 
Another useful result given by these approximation methods is how the input parameters are ranked near the 
failure point. For example, if the reliability assessment does not reach the reliability target, it is possible to modify 
the most influent parameter to reach the reliability target. The results of sensitivity analysis are plotted in Figure 8. 
The most influent parameter on the reliability is the acceleration. A material with a higher fatigue limit should be 
chosen in order to improve the reliability. The stiffness of bolted connection, rotation in X direction (Srx), has a 
strong influence on the reliability and its value must be well known for a good quality of the reliability assessment. 
 
Figure 8. Sensitivity analysis results 
6. Conclusion and perspectives 
This paper focus on the reliability assessment of a system subjected to random vibration fatigue. A general 
methodology using a finite element analysis is proposed. The first step is to determine the most influent parameter 
with their variability by a deterministic sensitivity analysis. Each selected parameter is modeled by a statistical 
distribution. A surrogate model is defined using a design of experiments in order to replace the finite element model. 
For this step, a vectorial Gaussian process is defined and used to predict the evolution of the stress with the 
frequency. Then, the approximation method FORM is applied to assess the reliability and perform a sensitivity 
analysis.  
In this methodology, the limit state function is based on the fatigue limit. It could be interesting to extend this 
methodology to a limit state function based on a probabilistic damage with a loading defined by a power spectral 
density. 
References 
[1] Lemaire, M. and Pendola, M., Phimeca-soft, Structural Safety, 28, 130-149, 2006. 
[2] Lemaire, M., Chateauneuf, A. and Mitteau, J.C., Strcutural Reliability, Wiley-ISTE, 2009. 
[3] Rasmussen, C. and Williams, C., Gaussian processes for machine learning, Adaptive computation and machine learning. MIT Press, 
Cambridge, Massachusetts, Internet edition, 2006. 
[4] Stein, M., Large sample properties of simulations using latin hypercube sampling, Techometrics, 29, 143-151, 1987. 
Srx (21%)
E1 (0.6%)
E2 (9.2%)
Rho2 (9.5%)
a (32.3%)
Sigmad (27.4%)
